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Abstract
Let F be a closed non-orientable surface. We classify all finite order invariants of immersions of F into R3, with values in any
Abelian group. We show they are all functions of a universal order 1 invariant which we construct as T ⊕ P ⊕ Q, where T is a Z
valued invariant reflecting the number of triple points of the immersion, and P,Q are Z/2 valued invariants characterized by the
property that for any regularly homotopic immersions i, j :F → R3, P(i) − P(j) ∈ Z/2 (respectively, Q(i) −Q(j) ∈ Z/2) is the
number mod 2 of tangency points (respectively, quadruple points) occurring in any generic regular homotopy between i and j .
For immersion i :F → R3 and diffeomorphism h :F → F such that i and i ◦ h are regularly homotopic we show:
P(i ◦ h)− P(i) = Q(i ◦ h) −Q(i) = (rank(h∗ − Id)+ ε(deth∗∗)) mod 2
where h∗ is the map induced by h on H1(F ;Z/2), h∗∗ is the map induced by h on H1(F ;Q), and for 0 = r ∈ Q, ε(r) ∈ Z/2 is 0
or 1 according to whether r is positive or negative, respectively.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Finite order invariants of stable immersions of a closed orientable surface into R3 have been defined in [12], where
all order 1 invariants have been classified. All higher order invariants have been classified in [13]. Explicit formulae
for the majority of order 1 invariants have been given in [14]. For the remaining order 1 invariants, explicit formulae
for their values on all embeddings have been given in [11,14]. The above papers were preceded by various work on
existence and explicit formulae, for small subclasses of invariants, in [8,3,9,10].
In the present work we establish all analogous results for non-orientable surfaces. We start by classifying all order
1 invariants, showing that a universal order 1 invariant may be constructed as T ⊕ P ⊕ Q where T is a Z valued
invariant reflecting the number of triple points of the immersion, and P,Q are Z/2 valued invariants characterized
by the property that for any regularly homotopic immersions i, j :F → R3, P(i)−P(j) ∈ Z/2 (respectively, Q(i)−
Q(j) ∈ Z/2) is the number mod 2 of tangency points (respectively, quadruple points) occurring in any generic regular
homotopy between i and j . We then classify all higher order invariants, and express them as explicit functions of
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1882 T. Nowik / Topology and its Applications 154 (2007) 1881–1893T ⊕P ⊕Q. We give an explicit formula for P(i ◦ h)−P(i) and Q(i ◦ h)−Q(i) for any diffeomorphism h :F → F
such that i and i ◦ h are regularly homotopic, namely:
P(i ◦ h)− P(i) = Q(i ◦ h)− Q(i) = (rank(h∗ − Id)+ ε(deth∗∗)) mod 2,
where h∗ is the map induced by h on H1(F ;Z/2), h∗∗ is the map induced by h on H1(F ;Q), and for 0 = r ∈ Q,
ε(r) ∈ Z/2 is 0 or 1 according to whether r is positive or negative, respectively.
The group of order one invariants in the non-orientable case, is markedly smaller than that of the orientable case
studied in [12]. In the orientable case, the universal order 1 invariant may be presented as ⊕n∈Z f Hn ⊕⊕n∈Z f Tn ⊕
M ⊕Q. (This is the improved presentation appearing in [14] rather than the original one appearing in [12].) The Z/2
valued invariants M and Q of the orientable case correspond to our present P and Q, but the infinite set of Z valued
invariants {f Hn }n∈Z and {f Tn }n∈Z of the orientable case, all collapse into the one invariant T in the non-orientable
case. The basic differences between orientable and non-orientable surfaces which lead to this collapse, will be made
clear in Section 2.
Complete explicit formulae for the infinite family of Z valued order 1 invariants in the orientable case are given in
[14], and they are seen to depend only on the oriented image of the immersions, that is, if i :F → R3 is an immersion
and h :F → F is an orientation preserving diffeomorphism such that i and i ◦ h are in the same regular homotopy
class, then the value of each of these invariants on i and i ◦h is the same. An explicit formula for our present invariant
T is obtained quite trivially, and is similarly seen to depend only on the image of the immersion. On the other hand,
the two Z/2 valued invariants, which appear in both the orientable and non-orientable case, are in this sense most
interesting and challenging, since they depend on the actual map, that is, their value on i ◦ h does depend on h. An
explicit formula for this dependence in the orientable case appears in [11,14]. We develop such formula for non-
orientable surfaces in Sections 3 and 4.
The structure of the paper is as follows: In Section 2 we present the classification of all finite order invariants. In this
part, complete definitions will be given, but proofs will be presented only to the extent that they differ from the proofs
for the orientable case, appearing in [12,13]. In Sections 3 and 4 we develop the stated formula for P and Q. This part
will require completely new analysis, and the formula obtained is indeed different from that of the orientable case. It
will require the study of the quadratic form induced on H1(F ;Z/2) by an immersion i :F → R3, where in the case
of non-orientable surfaces we name it an H-form, rather than quadratic form, to emphasize its distinct character. In
Section 3 we study the group of diffeomorphisms of F which preserves a given H-form. We show that it is generated
by Lickorish’s Y -maps and a certain family of Dehn twists and combinations of Dehn twists. Then in Section 4 we
use this set of generators in proving the stated formula for P and Q.
2. Finite order invariants
In this section we classify all finite order invariants of immersions of a closed non-orientable surface into R3. The
results will be presented in full, but proofs in the present section will be presented only to the extent that they differ
from the proofs for the orientable case, appearing in [12,13].
Let F be a closed non-orientable surface. Imm(F,R3) denotes the space of all immersions of F into R3, with the
C1-topology. A CE point of an immersion i :F → R3 is a point of self-intersection of i for which the local stratum
in Imm(F,R3) corresponding to the self-intersection, has codimension one. For F non-orientable we distinguish four
types of CEs which we name E,H,T ,Q. In the notation of [4] they are, respectively, A20|A+1 , A20|A−1 , A30|A1, A40.
The four types may be demonstrated by the following local models, where letting λ vary, we obtain a 1-parameter
family of immersions which is transverse to the given codim 1 stratum, intersecting it at λ = 0.
• E: z = 0, z = x2 + y2 + λ.
• H : z = 0, z = x2 − y2 + λ.
• T : z = 0, y = 0, z = y + x2 + λ.
• Q: z = 0, y = 0, x = 0, z = x + y + λ.
See Fig. 1, which corresponds to some small λ > 0.
A choice of one of the two sides of the local codim 1 stratum at a given point of the stratum, is represented by the
choice of λ < 0 or λ > 0 in the formulae above. We will refer to such a choice as a co-orientation for the configuration
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of the self-intersection. For types E and T , the configuration of the self-intersection at the two sides of the stratum
is distinct, namely, for λ < 0 there is an additional 2-sphere in the image of the immersion, and we permanently
choose this side (λ < 0) as our positive side for the co-orientation. For types H and Q, the configuration of the self-
intersection on the two sides of the strata are indistinguishable, and in fact we will notice that the strata in this case
are globally one-sided, and so no coherent choice of co-orientation is possible.
We fix a closed non-orientable surface F and a regular homotopy class A of immersions of F into R3. We denote
by In ⊆ A (n  0) the space of all immersions in A which have precisely n CE points (the self-intersection being
elsewhere stable). In particular, I0 is the space of all stable immersions in A.
For an immersion i :F → R3 having a CE located at p ∈ R3, we will now define the degree dp(i) ∈ {+,−}, as
follows: For CE of types E,T we move the immersion to the positive side determined by its permanent co-orientation,
obtaining an immersion i′ where a new 2-sphere appears in the image. We define dp(i) ∈ {+,−} to be the degree of
the map i′ :F → R3 − {p′} where p′ is any point in the open 3-cell bounded by the new 2-sphere, and where + =
even and − = odd. For CEs of type H,Q, let V denote the region between the sheets of the surface which appears
once we move away from the stratum (i.e., once λ = 0). For type Q this is a 3-simplex defined by our four sheets. For
type H this region is not bounded by the local configuration, but may still be defined, e.g., for λ > 0 in the formula
for H , V will be a region consisting of points close to the origin and satisfying 0  z  x2 − y2 + λ. We define
dp(i) ∈ {+,−} to be the degree of the map i′ :F → R3 − {p′} where p′ is any point in V , and notice that since there
is an even number of sheets involved in a CE of type H or Q, the definition is independent of the side of the stratum
we choose to move into (i.e., whether we choose λ > 0 or λ < 0).
For immersion i :F → R3 having a CE located at p ∈ R3, we define Cp(i) to be the expression Re where R
is the symbol describing the configuration of the CE of i at p (E, H , T , or Q) and e = dp(i). We define Cn to
be the set of all un-ordered n-tuples of expressions Re with R one of the four symbols and e ∈ {+,−}. So Cn is
the set of un-ordered n-tuples of elements of C1 = {E+,E−,H+,H−, T+, T−,Q+,Q−}. We define C : In → Cn by
C(i) = [Cp1(i), . . . ,Cpn(i)] ∈ Cn where p1, . . . , pn are the n CE points of i. The map C : In → Cn is easily seen to be
surjective.
A regular homotopy between two immersions in In is called an AB equivalence if it is alternatingly of types A and
B , where
1. Jt :F → R3 (0 t  1) is of type A if it is of the form Jt = Ut ◦ i ◦ Vt where i :F → R3 is an immersion and
Ut :R
3 → R3, Vt :F → F are isotopies.
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points of J0 such that Jt fixes U = (J0)−1(⋃k Bk) and moves F −U within R3 −⋃k Bk .
Proposition 2.1. Let i, j ∈ In, then i and j are AB equivalent iff C(i) = C(j).
Proof. The proof proceeds as in [12], Proposition 3.4 except for one step that must be added in the present case, of
non-orientable surfaces. In the final stage of the proof of [12], Proposition 3.4, we have i′′′|D and j |D homotopic in
R3 −⋃k Bk relative ∂D (since dˆpk (i′′′) = dˆpk (j) for all k = 1, . . . , n, where dˆp denotes the Z valued degrees defined
in [12] for the orientable case). In the present case this will not necessarily be true. If f :S2 → R3 −⋃k Bk is the
map determined by the pair of maps i′′′|D, j |D , then instead of f being null-homotopic as in the orientable case, it
may be only of even degree with respect to each p1, . . . , pn. This can be remedied as follows: Let h be one of the
1-handles having both ends attached to D1, so D1 ∪ h is a Möbius band and the 2-handle D is glued along h twice in
the same direction. A homotopy of h which traces a sphere in R3 enclosing just one pi and not the others, will change
the degree of f with respect to pi by 2, and leave the degree with respect to all other pk unchanged. We realize such
homotopies by regular homotopies until the new map f has degree 0 with respect to each p1, . . . , pn. 
This classification of AB-equivalence classes, embodies the basic difference between orientable and non-orientable
surfaces, which is responsible for the markedly smaller group of order 1 invariants in the non-orientable case. In
the orientable case, the AB-equivalence classes in I1 are classified by symbols composed by the above four letters
E,H,T ,Q, but each has an additional upper index which describes the relative orientations of the sheets involved,
bringing it to a total of 12 different local configurations, and to each such symbol is also attached a Z-valued lower
index indicating the Z-valued degree, making it an infinite family of symbols, classifying the infinite family of AB-
equivalence classes. In contrast, here in the non-orientable case, we have only the 4 basic configurations (not 12), and
to each is attached one of only two possible degrees, making a total of 8 symbols, classifying the 8 AB-equivalence
classes of I1 we have in this case.
Given an immersion i ∈ In, a temporary co-orientation for i is a choice of co-orientation at each of the n CE points
p1, . . . , pn of i. Given a temporary co-orientation T for i and a subset A ⊆ {p1, . . . , pn}, we define iT,A ∈ I0 to be the
immersion obtained from i by resolving all CEs of i at points of A into the positive side with respect to T, and all CEs
not in A into the negative side. Now let G be any Abelian group and let f : I0 → G be an invariant, i.e., a function






where |A| is the number of elements in A. If T,T′ are two temporary co-orientations for the same immersion i then
fT(i) = ±fT′(i) and so having fT(i) = 0 is independent of the temporary co-orientation T. An invariant f : I0 → G
is called of finite order if there is an n such that fT(i) = 0 for all i ∈ In+1. The minimal such n is called the order
of f . The group of all invariants on I0 of order at most n is denoted Vn = Vn(G).
Let f ∈ Vn. If i ∈ In has at least one CE of type H or Q and T is a temporary co-orientation for i, then 2fT(i) = 0,
the proof being the same as in [12], Proposition 3.5. So in this case fT(i) is independent of T. Using this fact, f ∈ Vn
will induce a function fˆ : In → G as follows: For any i ∈ In we set fˆ (i) = fT(i), where if i includes at least one CE
of type H or Q then T is arbitrary, and if all CEs of i are of type E and T then the permanent co-orientation is used
for all CEs of i. (If f ∈ Vn then we are not inducing such function on Ik for k < n.)
We remark at this point that the same argument as explained in [12], Remark 3.7, showing that for orientable
surfaces, the strata corresponding to configurations H 1 and Q2 cannot be globally co-oriented, will show that the
same is true for non-orientable surfaces for configurations H and Q.
For f ∈ Vn and i, j ∈ In, if C(i) = C(j) then fˆ (i) = fˆ (j), the proof being the same as in [12], Proposi-
tion 3.8, so any f ∈ Vn induces a well defined function μn(f ) :Cn → G. The map f → μn(f ) induces an injection
μn :Vn/Vn−1 → C∗n where C∗n is the group of all functions from Cn to G. We will find the image of μn for all n, by this
we classify all finite order invariants. The image will be specified via relations that must be satisfied by a function in
C∗n in order for it to lie in the image of μn. The relations on a g ∈ C∗n will be written as relations on the symbols Re, e.g.,
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with arbitrary R2e2, . . . ,Rnen . We already know that the following two relations hold: 0 = 2He, 0 = 2Qe (for both e).
As in the orientable case, a preliminary set of relations is obtained by looking at the bifurcation diagrams for small
neighborhoods of the co-dimension 2 strata, which are of six types, as explained in [12]. Formula and sketch for
local model for each codimension 2 stratum, the bifurcation diagram, and the relation obtained, are as follows. A ±
sign appears in front of a symbol whenever the element is known to be of order 2 (which is wherever there is no
co-orientation).
Fig. 2. EH configuration.
EH : z = 0, z = y2 + x3 + λ1x + λ2.
(1) 0 = Ee ±He
Fig. 3. T T configuration.
T T : z = 0, y = 0, z = y + x3 + λ1x + λ2.
(2) 0 = Te − T−e
Fig. 4. ET configuration.
ET : z = 0, x = 0, z = (x − λ1)2 + y2 + λ2.
(3) 0 = T−e − Te −E−e + Ee
Fig. 5. HT configuration.
HT : z = 0, x = 0, z = (x − λ1)2 − y2 + λ2.
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Fig. 6. TQ configuration.
TQ: z = 0, y = 0, x = 0, z = y + (x − λ1)2 + λ2.
(5) 0 = ±Qe ±Q−e − Te + T−e
Fig. 7. QQ configuration.
QQ: Five planes meeting at a point.
(6) 0 = 5(±Qe)+ 5(±Q−e)
For the first five types, the bifurcation diagram and degrees are obtained from the sketch and formula in a straight
forward manner. The diagram for QQ is obtained as explained in [12]. The degrees appearing in the present QQ
diagram require explanation, but we may avoid it since from the first five relations it already follows that Q+ = Q−
and so since 2Qe = 0, the last relation does not add to the first five relations, whatever the degrees may be. Letting
B = {x ∈ G: 2x = 0} the above relations may be summed up as follows:
• T+ = T−.
• E+ = E− = H+ = H− ∈ B.
• Q+ = Q− ∈ B.
We denote by Δn = Δn(G) the subgroup of C∗n of all functions satisfying these relations, so the image of μn :Vn → C∗n
is contained in Δn.
We define the universal Abelian group GU by the Abelian group presentation GU = 〈t, p, q | 2p = 2q = 0〉.
We define the universal element gU1 ∈ Δ1(GU) by gU1 (Te) = t , gU1 (Ee) = gU1 (He) = p, gU1 (Qe) = q , so indeed
gU1 ∈ Δ1(GU). We will show the existence of an order 1 invariant f U1 : I0 → GU with μ1(f U1 ) = gU1 . Such f U1 is a
universal order 1 invariant in the sense that any order 1 invariant with values in an arbitrary G is of the form ϕ ◦f U +c
where ϕ :GU → G is a (unique) homomorphism and c ∈ G is a (unique) constant element. As in [12], the existence
of f U1 implies that for any G, the injection μ1 :V1/V0 → Δ1(G) is surjective, by this completing the classification of
order 1 invariants.
We define f U1 : I0 → GU as follows: Choose a base immersion i0 ∈ I0 once and for all. Then for each i ∈ I0 take
a generic regular homotopy Ht :F → R3 (0 t  1) from i0 to i and define f U1 (i) = n1t + n2p + n3q ∈ GU where
n1 ∈ Z is the number of CEs of type T occurring along Ht , each counted as ±1 according to the direction we are
passing it, compared with the permanent co-orientation of T , and n2 ∈ Z/2 (respectively, n3 ∈ Z/2) is the number
mod 2 of tangencies (respectively, quadruple points), occurring in Ht . If f U is well defined, i.e., independent of the1
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to showing that the value of n1t + n2p + n3q is 0 for any closed regular homotopy, i.e., one that begins and ends
with the same immersion. As in [12], the fact that gU1 ∈ Δ1 implies that this value depends only on the homotopy
class of such loop in A, i.e., is well defined on π1(A), and so it is enough to show that the value is 0 on some loops
representing generators of π1(A). We have π1(A) ∼= Z/2 ⊕ Z/2, where the first generator is given by one full rigid
rotation of the surface in R3, and the second generator is obtained by only moving a small disc in F , following
the infinite cyclic generator in π1(Imm(S2,R3)) = Z/2 ⊕ Z. For the first generator the value is obviously 0 since
along a rigid rotation no CEs occur at all. For the second generator, we first note that by the classification of order
1 invariants for orientable surfaces appearing in [12] or [14], the same invariant, defined by the same n1, n2, n3, is
well defined for S2. Then exactly as done in [12] for orientable surfaces, we use this to deduce that for any closed
non-orientable surface, the value is 0 on the second generator. (The only difference is that in the orientable case, this
second generator is infinite cyclic rather than being of order two. Nevertheless, its construction from the infinite cyclic
generator in π1(Imm(S2,R3)) is identical.)
We have GU = Zt ⊕ (Z/2)p ⊕ (Z/2)q and let T ,P,Q be the projection of f U1 into these three factors of GU ,
i.e., they are constructed via the above mentioned n1, n2, n3, respectively. An explicit formula for T is the following:
T (i) = N−c2 where N is the number of triple points in i and c = 0 if χ(F ) is even, c = 1 if χ(F ) is odd. Indeed,
passing a CE of type T in the positive direction with respect to the permanent co-orientation increases the number of
triple points by 2, and the other CE types leave the number of triple points unchanged. (This formula may however
differ by a constant from the T defined using the given i0 as base immersion.) Note that indeed N−c2 is an integer, as
is shown in [1], and may also be deduced using our present considerations.
We now classify all higher order invariants. We will define En ⊆ Δn by two additional restrictions on the functions
g ∈ Δn. Let Y = {T+,H+,Q+} ⊆ C1, then any g ∈ Δn is determined by its values on un-ordered n-tuples of elements
of Y and so we may state these restrictions in terms of such n-tuples. Given an un-ordered n-tuple z of elements of Y ,
we define mH+(z) and mQ+(z) as the number of times that H+ and Q+ appear in z, respectively. We define r(z), (the
repetition of H+ and Q+ in z) as
r(z) = max(0,mH+(z) − 1)+ max(0,mQ+(z) − 1).
Definition 2.2. Given an Abelian group G, En = En(G) ⊆ Δn(G) is the subgroup consisting of all g ∈ Δn(G) satis-
fying the following two additional restrictions:
1. When n 3, g must satisfy the relation H+H+Q+ = H+Q+Q+. By this we mean that g([H+,H+,Q+,R4e4,
. . . ,Rnen]) = g([H+,Q+,Q+,R4e4, . . . ,Rnen]) for arbitrary R4e4, . . . ,Rnen ∈ Y .
2. For any un-ordered n-tuple z of elements of Y , g(z) ∈ 2r(z)G, i.e., there exists an element a ∈ G such that
g(z) = 2r(z)a.
The proof of the following classification theorem follows exactly as for the corresponding theorem for orientable
surfaces proved in [13]. (The place of the set of variables {ai}i∈X appearing in Section 4 of [13] is taken here by our
single variable t , and that of b, c by our variables p,q .)
Theorem 2.3. For any closed non-orientable surface F , regular homotopy class A of immersions of F into R3 and
Abelian group G, the image of the injection μn :Vn/Vn−1 → Δn is En. Furthermore, for any f ∈ Vn, there is a
function (not homomorphism) s :GU → G such that f = s ◦ f U1 .
3. H-forms and automorphisms of F
In this section we study certain subgroups of the automorphism group of a closed non-orientable surface, and find
generators for these subgroups. They will aid us in establishing our proposed explicit formula for the invariants P and
Q in the next section. The present section is independent of the rest of the paper.
DenoteH= ( 12Z)/(2Z), which is a cyclic group of order 4 (andH stands for half integers). The group Z/2 = Z/2Z
is contained in H as a subgroup.
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following two conditions:
1. For all x, y ∈ E:
g(x + y) = g(x) + g(y) +C(x, y),
where C :E ×E → Z/2 (⊆H) is a non-degenerate symmetric bilinear form.
2. There is at least one x ∈ E with g(x) /∈ Z/2, i.e., g(x) = ± 12 .
It follows that g(0) = 0 and 2g(x) = C(x, x) showing C(x, x) = 1 iff g(x) = ± 12 and so there is at least one x ∈ E
with C(x, x) = 1. One can then show there exists an “orthonormal” basis for E, i.e., a basis e1, . . . , en satisfying
C(ei, ej ) = δij . In particular, g(ei) = ± 12 . For such basis, if x =
∑k
j=1 eij (1  i1 < · · · < ik  n) then g(x) =∑k
j=1 g(eij ).
For H-form g on E we define O(E,g) to be the group of all linear maps T :E → E satisfying g(T x) = g(x)
for all x ∈ E. It follows that C(T x,T y) = C(x, y) for all x, y ∈ E and that T is invertible. For a ∈ E we define
Ta :E → E to be the map Ta(x) = x + C(x, a)a. Then Ta ∈ O(E,g) iff g(a) = 1 or a = 0. For a, b ∈ E we define
Sa,b :E → E by:
Sa,b(x) = Ta ◦ Tb ◦ Ta+b.
One verifies directly that if a, b ∈ E satisfy g(a) = g(b) = g(a + b) = 0 (which is equivalent to g(a) = g(b) =
C(a, b) = 0), then Sa,b ∈ O(E,g). In this case Sa,b may also be written as: Sa,b(x) = x +C(x, b)a +C(x, a)b.
Theorem 3.2. Let g be an H-form on E, then O(E,g) is generated by the set of elements of the following two forms:
1. Ta for a ∈ E with g(a) = 1.
2. Sa,b for a, b ∈ E with g(a) = g(b) = g(a + b) = 0.
Furthermore, if dimE  9 then the elements of the first form alone generate O(E,g).
Proof. Let T ∈ O(E,g) and let e1, . . . , en be an orthonormal basis for E. Assuming inductively, with decreasing k,
that T fixes ek+1, . . . , en, we will compose T with elements of the above two forms to obtain a map which additionally
fixes ek , eventually fixing all ei which will prove the statement. For x ∈ E define supp(x) to be the set {ei1, . . . , eim}
(i1 < · · · < im) such that x =∑mj=1 eij . For i  k and j  k + 1, C(T ei, ej ) = C(T ei, T ej ) = C(ei, ej ) = 0, and so
for i  k, supp(T ei) ⊆ {e1, . . . , ek}. Denote v = T ek , then g(v) = g(ek) = ± 12 .
Case A: C(v, ek) = 0. Letting a = ek + v we have g(a) = g(ek) + g(v) + C(ek, v) = 1, Ta ◦ T (ek) = Ta(v) = ek ,
and for i  k + 1, Ta ◦ T (ei) = Ta(ei) = ei , so we are done.
Case B: C(v, ek) = 1. Since supp(v) ⊆ {e1, . . . , ek}, if k = 1 then v = ek and we are done, and so we assume
k  2. We first show that supp(v) = {e1, . . . , ek}. Indeed if v =∑ki=1 ei then C(T ek−1,∑ki=1 ei) = C(T ek−1, T ek) =
C(ek−1, ek) = 0. Since supp(T ek−1) ⊆ {e1, . . . , ek} this shows that the number of elements in supp(T ek−1) is even,
which implies C(T ek−1, T ek−1) = 0, contradicting C(ek−1, ek−1) = 1. Since C(v, ek) = 1 we know ek ∈ supp(v), so
say e1 /∈ supp(v). If g(e1) = g(ek) then since C(v, e1) = 0 and C(e1, ek) = 0, by the argument of case A, we can map
v to e1 and then e1 to ek and we are done. Otherwise, say g(ek) = 12 and g(e1) = − 12 . Assuming v = ek (otherwise we
are done), ek is not the only element in supp(v). The condition g(v) = g(ek) implies one of three possibilities (after
relabeling indices):
1. k  4, e2, e3 ∈ supp(v), g(e2) = 12 , g(e3) = − 12 .
2. k  6, e2, e3, e4, e5 ∈ supp(v) and the value of g on e2, e3, e4, e5 is 12 .
3. k  6, e2, e3, e4, e5 ∈ supp(v) and the value of g on e2, e3, e4, e5 is − 12 .
In case 1 define a = e1 + e2, b = e3 + ek . In case 2 define a = e1 + e2, b = e3 + e4 + e5 + ek . In case 3 define
a = e1 + e2 + e3 + e4, b = e5 + ek . In all three cases g(a) = g(b) = g(a + b) = 0 and so Sa,b belongs to the set of
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all ej for j  k + 1, and C(v + b, ek) = C(v, ek) + C(b, ek) = 1 + 1 = 0. So we can use Sa,b to map v to v + b, and
then by case A we can map v + b to ek , and we are done.
We conclude by showing that if n 9 then the elements Ta alone generate O(E,g). Indeed in the proof above we
used only maps Sa,b where supp(a) ∪ supp(b) includes at most six elements. If n  9 then for each such pair a, b
there are at least three basis elements not in supp(a) ∪ supp(b). In the span of such three basis elements there is an
element s with g(s) = 1. One verifies directly, by checking on basis elements, that Sa,b = Ts ◦ Ts+a ◦ Ts+b ◦ Ts+a+b .
Since g(s) = g(s + a) = g(s + b) = g(s + a + b) = 1 we have indeed expressed the given element Sa,b as a product
of four generators of the first form. 
Definition 3.3. For T ∈ O(E,g) let ψ(T ) = ψE(T ) = rank(T − Id) mod 2 ∈ Z/2.
Proposition 3.4. The map ψ :O(E,g) → Z/2 is a homomorphism.
Proof. Assume first that dimE  9. In this case we know O(E,g) is generated by elements of the form Ta with
g(a) = 1. Let F(T ) = {x ∈ E: T x = x} = ker(T − Id) then rank(T − Id) = codim F(T ). We may now use [11],
Lemma 3.1, which is stated in a slightly different setting (of Z/2 valued quadratic forms), but whose proof applies
word by word to our setting. The statement of [11], Lemma 3.1 is as follows: If g(a) = 1 then for any T ∈ O(E,g),
codim F(T ◦ Ta) = codim F(T )± 1. Since codim F(Ta) = 1 and the elements Ta generate O(E,g), ψ is a homomor-
phism.
Assume now dimE < 9 and take some E′ withH-form g′ such that dimE+dimE′  9. The function g⊕g′ :E⊕
E′ →H defined by g ⊕ g′(x, x′) = g(x)+ g′(x′), is an H-form on E ⊕E′. Let u :O(E,g) → O(E ⊕E′, g ⊕ g′) be
the embedding given by u(T ) = T ⊕ IdE′ . Since rank(T − IdE) = rank(T ⊕ IdE′ − IdE⊕E′) we have ψE = ψE⊕E′ ◦u.
Since dim(E ⊕E′) 9, ψE⊕E′ is a homomorphism and so ψE is a homomorphism. 
Returning to surfaces, let F be a closed non-orientable surface, and let g :H1(F ;Z/2) →H be an H-form whose
associated bilinear form C(x, y) is the algebraic intersection form x · y on H1(F ;Z/2). Let N =N (F ) be the group
of all diffeomorphisms h :F → F up to isotopy. For h :F → F let h∗ denote the map it induces on H1(F ;Z/2). The
subgroup Ng =N (F )g ⊆N is defined by Ng = {h ∈N : h∗ ∈ O(H1(F ;Z/2), g)}.
A simple closed curve will be called a circle. If c is a circle in F , the homology class of c in H1(F ;Z/2) will
be denoted by [c]. A circle c in F has an annulus neighborhood if [c] · [c] = 0 and a Möbius band neighborhood if
[c] · [c] = 1. Such circles will be called A-circles and M-circles, respectively. Given an A-circle c in F , a Dehn twist
along c will be denoted Tc. The map induced on H1(F ;Z/2) by Tc is T[c], and so Tc ∈Ng iff g([c]) = 1 or [c] = 0.
Also, since (T[c])2 = Id whenever [c] · [c] = 0, (Tc)2 ∈Ng for any A-circle c.
Let P ⊆ F be a disc with two holes. Let c, d, e be the three boundary circle of P , then [c] + [d] = [e]. If g([c]) =
g([d]) = 0 (and so g([e]) = 0) then define SP = Tc ◦ Td ◦ Te . The map induced by SP on H1(F ;Z/2) is S[c],[d].
We recall the definition of a Y -map, introduced in [6]. (See also [7,2,5]; in [5] a Y -map is called a “cross-cap slide”.)
A Y -map is any diffeomorphism h :F → F obtained in the following way. Let Y ⊆ F be a subsurface which is a Klein
bottle with one hole. We think of Y as constructed by taking a Möbius band M , removing the interior of a disc D ⊆ M ,
and adding a second Möbius band L by gluing ∂L to ∂D ⊆ M − intD. Now let f :M − intD → M − intD be the
map obtained by dragging D in M , once around M and back onto itself with reversed orientation, and then restricting
to M − intD. Then f is the identity on ∂M and maps ∂D onto itself with reversed orientation. The Y -map h :F → F
is now defined on F − Y as the identity, on M − D as f , and on L it is an extension of f |∂D to L, mapping the core
of L onto itself with reversed orientation. We note that a Y -map h induces the identity on H1(F ;Z/2) and so h ∈Ng .
Definition 3.5. Let F be a closed non-orientable surface and g an H-form on H1(F ;Z/2). A map h :F → F will be
called good if it is of one of the following five forms:
1. h = (Tc)2 for any A-circle c.
2. h = Tc for an A-circle c with g([c]) = 1.
3. h = Tc for an A-circle c with [c] = 0.
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(= g([e])).
5. h is a Y -map.
A good map will be called of type 1–5 accordingly. Note that being a good map of type 2 or 4 depends on the given
H-form g, whereas in the definition of good maps of type 1, 3, 5 there is no reference to an H-form.
Whenever we consider two circles in F , we will assume they intersect transversally, |c ∩ d| will then denote the
number of intersection points between circles c, d . (And so the algebraic intersection [c] · [d] in H1(F ;Z/2) is the
reduction mod 2 of |c ∩ d|.) The following theorem is independent of the notion of H-form.
Theorem 3.6. Let F be a closed non-orientable surface and let KF = {h ∈N : h∗ = Id}. Then KF is generated by
the good maps of type 1, 3, 5.
Proof. Let c1, . . . , cn be a family of disjoint M-circles in F such that cutting F along c1, . . . , cn produces a disc with
n holes. Then [c1], . . . , [cn] is an orthonormal basis for H1(F ;Z/2). Now let h ∈ KF . We will compose h with maps of
type 1, 3, 5 until we obtain the identity. Assume inductively that h(ci) = ci for all i  k−1 (not necessarily respecting
the orientation of ci ). Denote a = h(ck), then a is disjoint from c1, . . . , ck−1 and since [a] · [cj ] = [ck] · [cj ] = 0 for
j  k + 1, |a ∩ cj | is even for j  k + 1. We will now perform good maps of type 1, which fix c1, . . . , ck−1, to map
a to a circle disjoint from all cj , j  k + 1. Assume for some j  k + 1, |a ∩ cj | > 0, then since it is even and since
cj is an M-circle, there must be two adjacent intersection points along cj at which a crosses cj in the same direction
with respect to an orientation on a neighborhood of the subinterval b ⊆ cj satisfying b ∩ a = ∂b. Now ∂b divides a
into two intervals a′, a′′ and since a is an M circle, one of the circles a′ ∪ b or a′′ ∪ b is an A-circle. Say c = a′ ∪ b
is an A-circle. Then as shown in [11], Fig. 2, |(Tc)2(a) ∩ cj | = |a ∩ cj | − 2. This map fixes c1, . . . , ck−1 and we may
repeat this procedure until the image of a (which we again name a), is disjoint from all cj , j = k.
We will now use good maps of type 5 to map a onto ck . Let M1, . . . ,Mk−1,Mk+1, . . . ,Mn be disjoint Möbius
band neighborhoods of c1, . . . , ck−1, ck+1, . . . , cn which are also disjoint from ck and a. Let F˜ be the projective plane
obtained from F by collapsing each Mi to a point pi (i = 1, . . . , k − 1, k + 1, . . . , n). In F˜ one can isotope a to
coincide with ck . We lift this isotopy to F as follows: Every time a is about to pass one of the points pi in F˜ , we
realize this passage in F by performing a good map of type 5, which drags Mi along a circle a′ which is close to a
and intersects a once, returning Mi to place (while reversing the orientation of ci ). This pushes a to the other side of
∂Mi in F and so to the other side of pi in F˜ . In this way we bring a to coincide with ck .
We continue by induction until h(ci) = ci for all 1 i  n, but when performing the procedure involving Y -maps
with the last circle cn, we choose the isotopy in F˜ to bring h(cn) orientation preservingly onto cn. Since cutting F
along c1, . . . , cn produces an orientable surface (a sphere with n holes), then if cn is mapped onto itself orientation
preservingly, then the same must be true for all ci . After some isotopy we obtain that h is the identity on all ci .
Let S be the sphere with n holes obtained from F by cutting it along c1, . . . , cn, then h induces a diffeomorphism
from S to S which is the identity on ∂S. It is known that any such map is a composition of Dehn twists. Since any
circle in S separates S, the corresponding circle in F will separate F and so these Dehn twists on F are good maps of
type 3. 
Theorem 3.7. Let F be a closed non-orientable surface and let g be anH-form on H1(F ;Z/2). ThenNg is generated
by the good maps. Furthermore, if dimH1(F ;Z/2) 9 then good maps of type 4 are not needed.
Proof. For h ∈Ng we first compose h with good maps of type 2, 4 to obtain a map in KF , as follows. Any element
a ∈ H1(F ;Z/2) with g(a) = 1 may be realized by a circle in F and so any generator Ta of Theorem 3.2 may be
realized by a good map of type 2. Any a, b ∈ H1(F ;Z/2) with g(a) = g(b) = a · b = 0 may be realized by a pair
of disjoint circles c, d in F . Let l be an arc connecting c to d (its interior being disjoint from c, d) then a regular
neighborhood P of c ∪ l ∪ d is a disc with two holes with c, d isotopic to two of its boundary components. So any
generator Sa,b of Theorem 3.2 may be realized by a good map of type 4. So by Theorem 3.2 we may compose h with
good maps of type 2, 4 to obtain a map in KF , and if dimH1(F ;Z/2)  9 then maps of type 4 are not needed. We
complete the proof using Theorem 3.6. 
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In this section we prove our proposed explicit formula for the invariants P and Q.
For regularly homotopic immersions i, j :F → R3, let P(i, j) = P(i) − P(j) and Q(i, j) = Q(i) − Q(j). So
P(i, j) ∈ Z/2 (respectively, Q(i, j) ∈ Z/2) is the number mod 2 of tangency points (respectively, quadruple points)
occurring in any generic regular homotopy between i and j . In this section we prove the following:
Theorem 4.1. Let F be a closed non-orientable surface. Let i :F → R3 be a stable immersion and let h :F → F be
a diffeomorphism such that i and i ◦ h are regularly homotopic. Then
P(i, i ◦ h) = Q(i, i ◦ h) = (rank(h∗ − Id)+ ε(deth∗∗)) mod 2,
where h∗ is the map induced by h on H1(F ;Z/2), h∗∗ is the map induced by h on H1(F ;Q) and for 0 = r ∈ Q,
ε(r) ∈ Z/2 is 0 or 1 according to whether r is positive or negative, respectively.
For h ∈ Ng define Ω(h) = (rank(h∗ − Id) + ε(deth∗∗)) mod 2 = ψ(h∗) + ε(deth∗∗) ∈ Z/2. So we must show
P(i, i ◦ h) = Q(i, i ◦ h) = Ω(h). By [14], Proposition 7.1, we know P(i, i ◦ h) = Q(i, i ◦ h). Indeed the proof
of this case appearing there, does not use any assumption on orientability of the surface. So it is enough to prove
Q(i, i ◦ h) = Ω(h).
Let F be any closed surface and let c ⊆ F be a separating circle. Denote by F1,F2 the two subsurfaces into which c
divides F . Denote by F˜1 the closed surface obtained from F by collapsing F2 to a point, and similarly denote by F˜2 the
closed surface obtained from F by collapsing F1 to a point. If h :F → F is a diffeomorphism such that h(F1) = F1
and h(F2) = F2 then h induces maps hk : F˜k → F˜k (k = 1,2). As appears in [11], Section 5.3, if i :F → R3 is an
immersion then it determines regular homotopy classes of immersions ik : F˜k → R3, and if h as above satisfies that
i and i ◦ h are regularly homotopic then also ik and ik ◦ hk are regularly homotopic (k = 1,2). It is shown in [11],
Section 5.3, for orientable F , that for such i and h, if h is orientation preserving then Q(i, i ◦ h) = Q(i1, i1 ◦ h1) +
Q(i2, i2 ◦ h2) (∈ Z/2) whereas if h is orientation reversing then Q(i, i ◦ h) = Q(i1, i1 ◦ h1) + Q(i2, i2 ◦ h2) + 1
(∈ Z/2). But in fact the proof does not use the property that h itself is orientation preserving or reversing, but rather
the corresponding property that h|c : c → c is orientation preserving or reversing. This latter property is meaningful
also for non-orientable surfaces, and indeed the proof works just the same for non-orientable surfaces. And so we
have:
Lemma 4.2. Let F be any closed surface. In the above setting, if h|c : c → c is orientation preserving then
Q(i, i ◦ h) = Q(i1, i1 ◦ h1) +Q(i2, i2 ◦ h2)
and if h|c : c → c is orientation reversing then
Q(i, i ◦ h) = Q(i1, i1 ◦ h1) +Q(i2, i2 ◦ h2)+ 1.
Corollary 4.3. In the above setting if h satisfies that h(x) = x for all x ∈ F2 then
Q(i, i ◦ h) = Q(i1, i1 ◦ h1).
Lemma 4.4. In the above setting if h satisfies that h(x) = x for all x ∈ F2, then
Ω(h) = Ω(h1).
Proof. We first show ψ(h∗) = ψ(h1∗). We have H1(F ;Z/2) ∼= H1(F1;Z/2) ⊕ H1(F2;Z/2) ∼= H1(F˜1;Z/2) ⊕
H1(F˜2;Z/2) and under this isomorphism, h∗ corresponds to h1∗ ⊕ Id. It follows that ψ(h∗) = ψ(h1∗).
Next we show deth∗∗ = deth1∗∗. Since H˜0(F2;Q) = 0, we have the exact sequence
H1(F2;Q) → H1(F ;Q) → H1(F,F2;Q) → 0.
Let r denote the map that h induces on H1(F,F2;Q). Since h induces the identity on H1(F2;Q) then by natu-
rality of the above sequence we have deth∗∗ = det r . But r corresponds to h1∗∗ under the natural isomorphism
H1(F,F2;Q) → H1(F˜1,p;Q) = H1(F˜1;Q). 
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by i, as defined in [15]. Note that the notation in [15] differs from ours in that H is taken there to be Z/4Z rather
than ( 12Z)/2Z. And so the numerical value of g
i appearing there is twice the value here, and our relation g(x + y) =
g(x) + g(y) + x · y is replaced there by g(x + y) = g(x) + g(y) + 2(x · y). We have as in [11], Proposition 5.2, for
any diffeomorphism h :F → F , i and i ◦ h are regularly homotopic iff h ∈Ngi .
Letting n = dimH1(F ;Z/2), we will prove that Q(i, i ◦ h) = Ω(h) for all n in the following order: n = 1, n = 2,
n  9, and finally 3  n  8. Denote g = gi . Since by Theorem 3.4, ψ is a homomorphism on O(H1(F ;Z/2), g)
and so Ω is a homomorphism on Ng , and since by [11], Lemma 5.5 (whose proof applies to non-orientable F )
h → Q(i, i ◦ h) is a homomorphism, it is enough to check the equality Q(i, i ◦ h) = Ω(h) for generators of Ng .
For n = 1, F = RP 2 the projective plane. Since N (RP 2) is trivial, the equality follows trivially.
For n = 2, F = Kl the Klein bottle. It is shown in [6] that N (Kl) ∼= Z/2 ⊕ Z/2. There is a unique circle c in Kl
up to isotopy which separates Kl into two punctured projective planes F1,F2. We have dimH1(Kl;Z/2) = 2 with
unique orthonormal basis e1, e2 where ek (k = 1,2) corresponds to the unique generator of H1(Fk,Z/2). With respect








for all h ∈N (Kl). On the other hand dimH1(Kl;Q) = 1 with generator given by the
circle c, and we have h∗∗ ∈ {Id,− Id} for all h ∈ N (Kl). The map h → (h∗, h∗∗) indeed realizes the isomorphism
N (Kl) ∼= Z/2 ⊕ Z/2. For the unique Y -map u : Kl → Kl, we have u∗ = Id and so u ∈ Ng and ψ(u∗) = 0. On the
other hand u∗∗ = − Id so detu∗∗ = −1 so ε(detu∗∗) = 1 giving finally Ω(u) = 1. Now we may isotope u such that
u(F1) = F1 and u(F2) = F2 and in this case u|c : c → c is orientation reversing. Since for k = 1,2, uk ∈ N (RP 2)
which is trivial, we have by Lemma 4.2 that Q(i, i ◦ u) = 1. So we have shown Q(i, i ◦ u) = 1 = Ω(u).
If g(e1) = g(e2) then u is the only non-trivial map in Ng and so we are done. Otherwise g(e1) = g(e2) and then
Ng =N . By [11], Lemma 5.8 (whose proof applies to non-orientable F ) we may replace i by any other immersion
in its regular homotopy class. Indeed we construct i as follows: F1 will be immersed in the positive side of the yz
plane, with its boundary c embedded in the yz plane symmetrically with respect to the z-axis. The immersion of F1
is furthermore chosen to give the correct value for g(e1). Now the image of F2 will be the punctured projective plane
obtained from the image of F1 by a π rotation around the z-axis, and so g(e2) = g(e1) also has the correct value and
so the new immersion i is indeed in the correct regular homotopy class. The symmetry of i(F ) implies that there is a





and so v together with the Y -map u generate N , and ψ(v∗) = 1. Since v reverses the orientation of
c we have v∗∗ = − Id and so ε(detv∗∗) = 1. Together, Ω(v) = 1 + 1 = 0. Now the rigid rotation of i(F ) which is the
regular homotopy between i and i ◦ v, has no quadruple points at all, and so we get Q(i, i ◦ v) = 0 = Ω(v), which
completes the case n = 2.
For n 9 we haveNg generated by good maps of type 1, 2, 3, 5. If h ∈Ng is of type 3, then h = Tc for a separating
circle c ⊆ F . Let c′ be a circle parallel to c, dividing F into F1,F2 with c ⊆ F1. Then h(x) = x for all x ∈ F2 and
h1 is isotopic to the identity on F˜1. And so by Corollary 4.3 and Lemma 4.4 we have Q(i, i ◦ h) = Q(i1, i1 ◦ h1) =
0 = Ω(h1) = Ω(h). If h is of type 1, 2, then h is Tc or (Tc)2 where (since we have already discussed good maps of
type 3) we may assume c is a non-separating A-circle. So there is an M-circle d ⊆ F such that |c ∩ d| = 1 and so a
regular neighborhood F1 of c∪ d is a punctured Klein bottle. Since we have already established the theorem for n = 2
we know Q(i1, i1 ◦ h1) = Ω(h1). Since h(x) = x for all x ∈ F2 = F −F1, we have by Corollary 4.3 and Lemma 4.4,
Q(i, i ◦ h) = Q(i1, i1 ◦ h1) = Ω(h1) = Ω(h). Finally if h is of type 5, i.e., a Y -map, then again there is a punctured
Klein bottle F1 ⊆ F with h(x) = x for x ∈ F − F1 and so we are done as in the previous case, which completes the
proof for n 9.
For 3  n  8, since F is non-orientable, h is isotopic to a map which fixes a disc D ⊆ F pointwise, so assume
h satisfies this property. Take any closed surface F ′ with dimH1(F ;Z/2) + dimH1(F ′;Z/2)  9 and construct
G = F#F ′ where the connect sum operation is performed by deleting the above mentioned disc D from F , and some
disc D′ from F ′. Denote G1 = F − D and G2 = F ′ − D′. There clearly exists an immersion j :G → R3 such that
j |G1 = i|G1 . By our assumption on D we can extend h|G1 to a diffeomorphism u :G → G by defining u(x) = x for
all x ∈ G2. Now G˜1 is naturally identified with F and under this identification j1 corresponds to i and u1 corresponds
to h. Since dimH1(G;Z/2) 9 our theorem is already proved for G and so by Corollary 4.3 and Lemma 4.4 we get
Q(i, i ◦ h) = Q(j, j ◦ u) = Ω(u) = Ω(h). This completes the proof of Theorem 4.1. 
We conclude with the following remark: The formula we have obtained here for non-orientable surfaces, Q(i,
i ◦ h) = ψ(h∗)+ ε(deth∗∗), if applied to orientable surfaces, does not coincide with the correct formula for orientable
T. Nowik / Topology and its Applications 154 (2007) 1881–1893 1893surfaces appearing in [11]. For orientable surface F , ε(deth∗∗) = gε(h) where g is the genus of F and ε(h) ∈ Z/2
is 0 or 1 according to whether h is orientation preserving or reversing, respectively. However, the correct formula for
orientable F appearing in [11], is ψ(h∗)+ (g+1)ε(h). By [14], Proposition 7.1, the same remark holds for P(i, i ◦h).
(Note that the precise analogue of P , namely, the invariant counting the number mod 2 of tangencies along regular
homotopies, is given in [14] by M + Û .)
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